
MTTTS17  
Dimensionality Reduction 

and Visualization 
Spring 2020  

Jaakko Peltonen 
 

Lecture 7: Nonlinear dimensionality 
reduction, part 2



Two measures of faithfulness - 
precision and recall



Faithfully?

• Good Precision: Points that are close in the “reduced” 
space are close in the original space 

• Good Recall: Points that are close in the original space 
are close in the “reduced” space
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Faithfully?

• Good Precision: Points that are close in the “reduced” 
space are close in the original space 

• Good Recall: Points that are close in the original space 
are close in the “reduced” space

• In general, impossible to get both



May be impossible to get both good recall 
and good precision
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from Venna, Peltonen, Nybo, Aidos, and Kaski, “Information retrieval perspective to nonlinear 
dimensionality reduction for data visualization”,Journal of Machine Learning Research, 2010



May be impossible to get both good recall 
and good precision
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“Squashed flat sphere surface” 
yields good recall but bad precision

from Venna, Peltonen, Nybo, Aidos, and Kaski, “Information retrieval perspective to nonlinear 
dimensionality reduction for data visualization”,Journal of Machine Learning Research, 2010



May be impossible to get both good recall 
and good precision
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“Cut-open sphere surface” 
yields good precision but less good recall

from Venna, Peltonen, Nybo, Aidos, and Kaski, “Information retrieval perspective to nonlinear 
dimensionality reduction for data visualization”,Journal of Machine Learning Research, 2010



Performance of MDS
• MDS is tries to preserve the large distances at the expense of small ones, hence, it can 

“collapse” some small distances on the expense of preserving large distances

• A projection is trustworthy (precision) if k closest neighbors of a sample on the projection 
are also close by in the original space. A projection preserves the original neighborhoods 
(recall) if all k closest neighbors of a sample in the original space are also close by in the 
projection.

Precision-recall curve, as a function 
of the neighborhood size k for an s-
curve data set. k not shown - each k 
yields some (precision, recall) value 

pair onto the curve. 20 closest 
original-space neighbours are 

considered “true matches”. Curves 
close to top right are better.

Figures are from Venna et al., Information retrieval perspective to nonlinear dimensionality 
reduction for data visualization, JMLR 2010.
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More methods:  
Self-Organizing Map,  
Laplacian Eigenmap,  

Curvilinear Component Analysis



Self-Organizing Maps



Self-Organizing Maps

12

today: about 93900  
Google Scholar results  

for “Kohonen”.



Self-Organizing Maps
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Vector Quantization
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Vector Quantization
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Vector Quantization
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Vector Quantization
• minimizes the distortion

• with N the number of points (samples), V the number of 
centroids (units), x the samples, v the centroids

E =
1

NV

NX

i=1

kxi � v(xi)k2
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Vector Quantization

• One of the 1000 algorithms:

- random initialization among the samples

- iterations

with v(x(t)) the closest centroid of x(t)
and Robbins-Monro conditions

Z 1

0
�(t)dt =1

Z 1

0
�(t)2dt <1

v(x(t)) = v(x(t)) + �(t)(x(t)� v(x(t)))



19

Vector Quantization

• Matlab examples



Self-Organizing Maps

• like stretching a sheet of plastic by pulling on certain 
points on it
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SOM
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Structure of the 
map (definition)

Map in the data 
space



SOM
Structure of the 
map (definition)

Map in the data 
space
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SOM
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SOM
• Random initialization or PCA initialization

• Iterations 
 

• Example:
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• Matlab Examples

SOM
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• And then? What about visualization?

SOM
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• And then? What about visualization?

SOM
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SOM

• Wealth Data Example: Excel + Matlab
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SOM
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Albania
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Sudan

Swaziland

Sweden

Switzerland

Syrian Arab Republic

Tajikistan

Thailand

Togo

Tonga
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SOM

From Juha Vesanto’s 
doctoral thesis, 2002

Values of the prototype vectors 
shown on the SOM grid. 

Left: one of the feature values. 
Right: many of the feature values.



Laplacian eigenmap

• Laplacian eigenmap is a spectral method, like PCA.

• construct k-nearest neighbors graph. Assign Wij=1, if i 
and j are neighbors, otherwise assign Wij=0. Define 
diagonal matrix D, Dii=∑jWij, and graph Laplacian, L=D-W.

• The embedding of data points is given by the 
eigenvectors of L, corresponding to the d smallest non-
zero eigenvalues.

33

Manifolds



Laplacian eigenmap
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octave:20> L       
L =

  -2   1   0   0   0   1
   1  -2   1   0   0   0
   0   1  -2   1   0   0
   0   0   1  -2   1   0
   0   0   0   1  -2   1
   1   0   0   0   1  -2

octave:21> [V,D] = eig(L)
V =

  -0.408248   0.458032  -0.351483   0.551189  -0.171826   0.408248
   0.408248  -0.533409  -0.220926   0.424400   0.391430   0.408248
  -0.408248   0.075377   0.572409  -0.126788   0.563257   0.408248
   0.408248   0.458032  -0.351483  -0.551189   0.171826   0.408248
  -0.408248  -0.533409  -0.220926  -0.424400  -0.391430   0.408248
   0.408248   0.075377   0.572409   0.126788  -0.563257   0.408248

D =

  -4.00000   0.00000   0.00000   0.00000   0.00000   0.00000
   0.00000  -3.00000   0.00000   0.00000   0.00000   0.00000
   0.00000   0.00000  -3.00000   0.00000   0.00000   0.00000
   0.00000   0.00000   0.00000  -1.00000   0.00000   0.00000
   0.00000   0.00000   0.00000   0.00000  -1.00000   0.00000
   0.00000   0.00000   0.00000   0.00000   0.00000   0.00000

N=6
k=2
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Manifolds
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Laplacian eigenmap
>> L

L =

    -1     1     0     0     0     0
     1    -2     1     0     0     0
     0     1    -2     1     0     0
     0     0     1    -2     1     0
     0     0     0     1    -2     1
     0     0     0     0     1    -1

>> [V,D]=eig(L)

V =

    0.1494    0.2887    0.4082   -0.5000    0.5577    0.4082
   -0.4082   -0.5774   -0.4082    0.0000    0.4082    0.4082
    0.5577    0.2887   -0.4082    0.5000    0.1494    0.4082
   -0.5577    0.2887    0.4082    0.5000   -0.1494    0.4082
    0.4082   -0.5774    0.4082    0.0000   -0.4082    0.4082
   -0.1494    0.2887   -0.4082   -0.5000   -0.5577    0.4082

D =

   -3.7321         0         0         0         0         0
         0   -3.0000         0         0         0         0
         0         0   -2.0000         0         0         0
         0         0         0   -1.0000         0         0
         0         0         0         0   -0.2679         0
         0         0         0         0         0   -0.0000
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Laplacian eigenmap
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>> L

L =

    -3     1     1     0     0     0     0     0     1
     1    -2     1     0     0     0     0     0     0
     1     1    -3     1     0     0     0     0     0
     0     0     1    -3     1     1     0     0     0
     0     0     0     1    -2     1     0     0     0
     0     0     0     1     1    -3     1     0     0
     0     0     0     0     0     1    -3     1     1
     0     0     0     0     0     0     1    -2     1
     1     0     0     0     0     0     1     1    -3

>> [V,D]=eig(L)

V =

   -0.4082    0.5014   -0.1803   -0.3099    0.3433   -0.2527    0.3982   -0.0451    0.3333
   -0.0000   -0.1232    0.2895    0.5573    0.1121    0.3482    0.5775    0.1093    0.3333
    0.4082   -0.2177   -0.4863   -0.2475   -0.4554   -0.0955    0.3542    0.1874    0.3333
   -0.4082   -0.0946    0.5243   -0.2475   -0.4554   -0.0955   -0.1601    0.3674    0.3333
   -0.0000   -0.1891   -0.2514    0.3798    0.3669   -0.4069   -0.3834    0.4455    0.3333
    0.4082    0.5300    0.0546   -0.1323    0.0885    0.5024   -0.3394    0.2130    0.3333
   -0.4082   -0.4068   -0.3441   -0.1323    0.0885    0.5024   -0.2381   -0.3223    0.3333
    0.0000    0.3123   -0.0380    0.4422   -0.4319   -0.2497   -0.1941   -0.5548    0.3333
    0.4082   -0.3123    0.4317   -0.3099    0.3433   -0.2527   -0.0148   -0.4005    0.3333

D =

   -5.0000         0         0         0         0         0         0         0         0
         0   -4.3028         0         0         0         0         0         0         0
         0         0   -4.3028         0         0         0         0         0         0
         0         0         0   -3.0000         0         0         0         0         0
         0         0         0         0   -3.0000         0         0         0         0
         0         0         0         0         0   -3.0000         0         0         0
         0         0         0         0         0         0   -0.6972         0         0
         0         0         0         0         0         0         0   -0.6972         0
         0         0         0         0         0         0         0         0   -0.0000
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Curvilinear component analysis (CCA)

• Demartines, Hérault, 1997.

• Curvilinear component analysis (CCA) is like (absolute) 
MDS, except that only short distances are taken into 
account.

• More formally, the cost function reads

where F(d,λy) equals unity, if d<λy, and zero otherwise; 
and d denotes the Euclidean distance of points in the 
original space (x) and in the projection (y), respectively. 
(Actually, F(d,λy), could be any monotonically decreasing 
function in d.)
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�r =
�

i<j

(d(xi, xj)� d(yi, yj))
2 F (d(yi, yj),�y)

Manifolds
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Curvilinear component analysis (CCA)

• CCA performs generally well in terms of precision; it 
appears to be quite robust.

• Notice outliers at right: they are result of small 
neighborhood.
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Laplacian eigenmap
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Methods that directly use precision and recall?

• We interpreted some methods by precision and recall. 
Most methods don’t optimize these, they use various 
cost functions.

• The Neighbor Retrieval Visualizer (Venna & Kaski 2007; 
Venna, Peltonen, Nybo, Aidos, Kaski 2010) directly 
maximizes a user-specified tradeoff of precision & recall  
 
 
 
 
 
 

• Stochastic Neighbor Embedding (Hinton&Roweis 2002) 
can also be interpreted like this: maximizes recall

• Details later on the Neighbor Embedding lectures

NeRV, result for max recall NeRV, result for max precision



Next lecture: 
  

• general mathematical framework for  
 nonlinear dimensionality reduction 

• more methods: Isomap, Locally   
 Linear Embedding, Maximum  
 Variance Unfolding 

• Supervised nonlinear dimensionality  
 reduction


