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On this lecture:

* Setups where most of the training data comes
from a different distribution than the test data



Part 1: Covariate Shift



Covariate shift

* Basic assumption in statistical learning: training data and test
data are drawn from the same underlying distribution.

* Consider the setting: a set of real-valued training data pairs
(X, y) is provided to train a model for a supervised learning
problem (classification/regression/prediction).

* Additionally data of the form x is provided from one (or more)
test environments where the model will be used.

* How should we predict a value of y given a value x from within
a particular test environment?

* One simple example of covariate shift is sample selection bias:
proportions of classes in training data are different than in future
test data. (can be a big problem e.g. for political polls etc.)



Covariate shift

* Three different types of covariate shift:
1. Independent covariate shift: P, (V]X) = Piest(¥]X), but Pipgin(X) # Piege (X).
2. Dependent prior probability change: Pi,.qin(X|y) = Piest (X|¥), but Pirgin(¥) # Prest(¥)-

3. Latent prior probability change: P qin(X,¥|r) = Piest(X,y|r) for all values of some
latent variable r, but Pi,.qin (r) # Piest(T).

* Suppose we are only interested in Pe..:(yx) , then covariate shift
In case 1 has no effect on modeling

» Case 2 means class prior probabilities change (e.g. due to
imbalanced sampling of training data)

« Case 3 involves a more general assumption
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Covariate shift

« Assume we have single training and single test set. Each
sample x is assumed to come from one of several data sources
using a mixture distribution corresponding to the source.

» The proportions of each of the sources varies across the
training and test datasets.

e Here covariate shift affects the contribution of different sources
to the data.

« There is a latent feature set (properties within each source)
upon which each dataset is dependent. Variations between the
two datasets depend on variation of the proportions of those
latent features (sources) but the form of each source stays the
same



Covariate shift

« Sources in set 1 may occur in the test data, and potentially also
In the training data, and are associated with regression model

Pi(y|x)

» Sources in set 2 occur only in the training data, and are
associated with regression model P,(y|x)

« Set 1 has M distributions Py, (x), t=1,...,M, associated with P;(y|x)
. Set 2 has M distributionsPZt(x) , t=1 ,...,M , associated with Py (y|x)

° Tralnlng data distribution: relative proportions in source set 1
Pp(x) = Zﬁmtfﬁt (%) +. ), Bayai Pae()
- proportions of ¢ relative proportions
train vs. test In source set 2
 Test data distribution: distributions in

training data

Pr(x) =) L Pi(x)



Covariate shift
 Full parametric model of observed data and latent values:
P{*,y*,x*|p € D}, {i",x"|lv € T}|3,0,8) =

[T P(s*1B)P(t* |y, 8*) Poretn (x4 ) Pos (1%, ©) T P(t ) Prow (x*|2)
pe vel

e Here u are indices of training data points, i*=(s",t") are the
indices of the source-set (1 or 2) and the component within the
source-set used to generate a training data point, y",x" are the
output and input values for the data point

« Here v are indices of test data points, i'=(¢t") are the indices
of the component within the test-source used to generate a test
data point, x" are input values for the test data point

« The parameters are the regression parameters © , mixture
parameters (2 , and mixing proportions ¥ and 3



Covariate shift
 Full parametric model of observed data and latent values:
P{*,y*,x*|p € D}, {i",x"|lv € T}|3,0,8) =

[T P(s*18) Py, 5*) P (x40 ) Pos (5 x#, ©) T] Pt 1) Pron (x*]92)

« A parametric model like this can be optimized by the
expectation-maximization algorithm to maximize the marginal
likelihood of the observed data with respect to parameters

(8,7,0,)
e This yields E-step:

ot = 637£P3t(X“|Q)P3(y”|X”, @) 7ﬂP1t(X“|Q)
i Zs,t Bsv ) Pt (x#|Q) Ps(y#|x*, ©) >t 1Pt (x#[€2)

proportional responsi_bi_lity of source s, proportional responsibility of
component t for a training data point component t for a test data point

vo__
a1y =




Covariate shift

« M-step depends on the form of the mixture components. If they
are Gaussian of the form N(x;mg;, Kgt)

 then the M-step becomes

T Byt po_ T
component ZuE(D,T) O X Zue(D,T) oy (X mg;) (X mg;)
mean Mgy = T Kst = 7

Z,uED T @st ZueD T @t
source
T v comp.
proportion Bs = E C'fst ’ 'Yst — E : Y1t |T| }: 1t proportion
;LED t comp. p:ED veT in testing
proportlon in training regression

f; = arg n%m Z ngt (fs (x'“‘) _ yﬂ)T(fS (x*”‘) _ yﬂ«) functions, prec_:ise

parameterization
- depends on form
of regressor (e.g.

 Test data is associated with one regression mode linear regression;
Pi(y|x).. . Predictive distribution for the test set is the learnt

predictor P, (y|x;) for each test sample X;




Covariate shift

» Special case: importance weighted least squares

« Suppose Po and P+ are known, and the source set1 contains
just the one component which must be P+ by definition.

« Suppose the two regressors have a large and identical variance
2. In this simple case, we do not need to know the actual test
points (they are only used to infer the test distribution, which is
assumed given here).

« The M step update only involves an update to the regressor

« With an assumption P(y*|x*,0;) =~ P(y*|x*,©0,) the equations
become

« E-step: M-step:

_ Pp(x*)0 _ | _ T _
ot Py (o) f;| = argnﬁn _; ot (fi(x*) — y*)" (f1(x*) — y*)

« Here (31 is a shared constant and can be dropped. No need to
learn it or any parameters of mixture 2 at all!



Covariate shift

« Example outcome on simple data: predict vertical from
horizontal. Pluses are points that become associated more to to
mixture components of the “training-only” source set 2, dots are
points that become associated more to to mixture components of
the “both training and test” source set 1

-93 -2 -1 0 1 2 3 4 _:—33 -2 -1 0 1 2

* Original functions are mixtures of two linear regressors each. The learned
functions are here cubic regressors, details not on this course; one can just as
well use some other regressor.



Part 2: Importance weighted
cross-validation for covariate
shift



Importance weighted cross-validation for cov. shift

* For learning a supervised predictor, empirical risk minimization
IS a standard approach:

n

Opry = argmin 2 Xi,Vis f x.',: ))
BcO® =1

loss function for
input x, output y,
and prediction f

* If the ratio of train and test densities is somehow known, we can

do importance sampling:

it prest(x;) 1S known (or can be estimated from unlabeled data)
Dirain(%i) we can weight losses by it to approximate loss on

train test data:

~~

~ 12 .
O/wERM = argmin | — Dres (XI) 14 (xiayiaf (x;;; 9))
6O n~ ptrain(xi)




Importance weighted cross-validation for cov. shift

* One can use an adaptive estimate (where 0<= lambda<=1
controls risk):

n 3\ A R
aﬂngM = argmin ll E ( Prest (i) ) f(xia}’i;f(xi;e))]

GIS(0) n &= \ Ptrain (-xi)

e Cross-validation can be used to choose lambda, but covariate
shift must be taken into account in the procedure:

1 & Ptest (.I ) S
R = — 2l(x5,y5, fi(x5))
LOOIWCV n _;Zl prmin(xj) R RRUN BN

this simply weights validation errors by importances.

* |t turns out this has good theoretical properties: gives unbiased
estimate of risk even under covariate shift

Bty [ﬁggonvcv} — R(r—1)



References for parts 1-2

Storkey, A. J., and Sugiyama, M. 2007. Mixture Regression for Covariate
Shift. Advances in Neural Information Processing Systems.

Sugiyama, M., Krauledat, M., and Muller, K-R. 2007. Covariate shift
adaptation by importance weighted cross validation. Journal of Machine
Learning Research, (8): 985-1005.



Part 3:
Covariate Shift in Multi-task
Settings



Asymmetric multi-task learning

* In covariate shift scenarios (lecture 11) the conditional
probability of labels is assumed to stay the same between
training and test data, but the marginal probability of inputs
changes between training and test data.

* A typical solution was to change the weight of training samples
X during learning, by assigning importance weights proportional
to the density ratio Ppest(x) inside the cost function of the
task. Ptrain (X)

* To get the weights, instead of separately estimating the
densities, one can directly try to estimate the ratio by various
techniques (e.g. based on some labeled data, or by trying to
match some statistics like mean, variance etc. between the
weighted training distribution and available samples from the test
distribution)

* Can we extend this idea to the multi-task learning scenario?



Asymmetric multi-task learning

* In a multi-task setting not only the joint distributions (of samples
and labels) may differ between tasks, but also the training and
test distribution may differ within each task.

* Usually some tasks have similar joint distributions

* Consider the following scenario: you have several tasks (with
iInputs x and outputs y) where the task is indexed by z, so that
the conditional probability of future test inputs and outputs from
task Prest(X, y|z) = prest(X|2)p(y|x, 2)

* An unlabeled test sample T — (%1,21)s s (Xms 2m)) 1S
available where inputs are known ana wnicn task tney come
from, but not the labels.

* In each task z the training data comes from a different

distribution ptram(x y‘z) — ptram(x‘z) (y|x z) than its test
data: the marginal probability of inputs is different.

* We assumePtrain (X\Z) >0 wherptest(X‘ ) >0 (all test inputs
can occur in training)



Asymmetric multi-task learning

* For each task we wish to learn an input-output function
minimizing the expected loss (e.g. a squared error, negative log-
probability of labels, or some other loss) over the distribution of

test data:
E (x 1) ~prest (.51 2) (2 (%), ¥)]

* In targeted advertising, z might indicate one of several large
web sites (e.g. a news or shopping portal), x might be a browsing
profile of a user, and the task might be to predict the gender y of
the user from the browsing profile of the user on the portal.

* For a small number of users of each portal, you might be able
to collect the gender from users who take surveys.

* People who answer surveys are not the same as all users --->
the marginal distribution of labeled training data differs rom the
distribution of all users (= test data distribution).

* We could use a covariate shift method in each task separately,
but it would not make use of relationships between tasks.



Asymmetric multi-task learning

* Define an indicator variable s=1 for training data, s=-1
for test data.

e Consider simply pooling all training data of all tasks:
the data in the resulting pool has the distribution

ZZ P(Z S = 1)]9(}{, y|2§, S = 1)
* We will create a task-specific resampling weightr; (X, y)

for each sample in the pool. The resampling weights
match the pool distribution to the target distribution

* We can then rewrite
E(xa’y) ~p(x,y|t,s=—1) [f(f(){? t)} y)] faxspkefted loss over test data from

= E(x’y)wzz p(z|s=1)p(x,y|z,8=1) [Tt (Xr y)g(f(xﬁ t)? y)]

expected weighted loss over pooled training data from all tasks

* We need to find weights 7; (X, y) that satisfy the above




Asymmetric multi-task learning

* It can be shown that to satisfy the equation, we get
p(x,ylt, s=1) p(x[t, s=—1)
>, p(zls=1)p(x,y|z,5=1) p(x|¢,s=1)

Tt(xﬁ y)

e To show this,

E[x,y)~p(x,y|t,3:—1] [E(f(x: t)? y)]

PR p((zlli 11)) ((?; 3;;'; 33 12) Eji:zzBp(x}ylt,s=—1)€(f(x1t),y)dxdy
1)p

/ Z(z elo =Upbeplzns =0 20 S= 1 ixt, o= —ptalx, 8(7x8,0))

= 2ls=1)p(x. ylz. s = p(x|t,s=1)p(y|x,t)  p(x[t,s=—-1)
= /;(P( | l)p( 1y| ) 1)EzsP(3’|3=1)P(X,y|z’,5=l) p(xlt}szl)

0(f(x, t),y))dxdy

p(XJyH}S:l) p(X|t,S=—1)
= E X, Y )~ z|s= x,y|z,8= £ ?t ?
(xy)~Y , P(zls=1)p(x,y|z,5=1) lzz;p(z’|5=1)p(x}y|z’}3=1) p(x|t, 5=1) (f(x,1),9)




Asymmetric multi-task learning

* The equation

p(x,y|t,s=1) p(X|t,S=—1)
>, P(zls=1)p(x,y|z,s=1) p(x|t,s=1)
has two factors: (left) proportion of joint probability in
the correct task t compared to the overall pool, (right)
ratio of marginal probability in test samples of task t
versus training samples from the task.

* The remaining question is how to estimate the above
weights: estimating all densities involved in the equation
is overly difficult since all we need is the final weight.

* \We will transform the estimation into two classification
problems!

Tt(xr y)



Asymmetric multi-task learning
* The equation can be rewritten as

ri(x,y) = ri(x,y)r2(x)

where

ol — p(x,y|t,s=1) _ _
T‘{t (x! y) E_E.P(EIS=1}_F?’[K&%_‘|335=_” T p(t]x: _y: S = 1)

IS the probability that a labeled training sample (x,y,s=1)
comes from a particular task t, and

the ratio 72(x) = iﬂff;_ﬁ) is proportional to another
probability:
20— POdhs=—D)_ pla=—1pxp(dt)  pls=11)
* p(x|t,s=1) p(s=—1[t)  p(s=1[x,1)p(x[t)
1
=1kt

probability that an input x from
task t is a training sample



Asymmetric multi-task learning

* The two probabilities p(tx,y,s = 1) andp(s=1|x,z) can
each be estimated from the set of labeled training
samples of all tasks and unlabeled test samples of all
tasks.

* The probabilities are probabilities of labels, so
estimating them can be done as probabilistic
classification.

* |[f there are two tasks, then both probabilities are
probabilities of binary labels ----- > we can use for
example logistic regression to estimate the probabilities.

* For example we can set where ®(x, y)
. IS @ mapping from
(X,y) to features,
u: |[s a parameter.

t|x, ,S:]-au —
p(tx,y t) 1 —f-exp(—ll;rq)(xay))



Asymmetric multi-task learning

* For binary labels for example

oy, +1)P(x
®(x,y) = [ S 1200 }

* The rest is standard logistic regression!

* Once it is done, then the rest is just weighting samples
in standard learning as in the previous covariate shift.



References for part 3

 Steffen Bickel, Christoph Sawade, and Tobias Scheffer. Transfer Learning
by Distribution Matching for Targeted Advertising. In Proceedings of NIPS

2008, International Conference on Neural Information Processing Systems,
2008.
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