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Lecture 8: Multi-view learning for classification
by Co-training, part 2



On this lecture:

* Part 1. More about Gaussian processes and
Bayesian co-training

* Part 2: Co-training when views disagree
(Detecting view disagreement)

* Part 3: Very briefly about semisupervised multi-
task learning

* Part 4: Self-taught learning



Part 1:

Bayesian Co-training
(in-depth explanation with more
detail than in previous lectures)



Bayesian co-training

* The previous discussion on co-training did not present it as an
iIntegrated model of data: does not optimize a joint cost function
for all views of all data

* There have been approaches called co-regularization that do
optimize a joint cost function (not discussed here) but they still
optimize one view at a time

* Bayesian co-training: an undirected graphical model for co-
training. Maximum likelihood inference for that model is related to
co-regularization.

* We will use a nonparametric Gaussian process approach to
model input-output functions



Recap: Gaussian processes
* A Gaussian process is a prior over input-output functions

* A Gaussian process prior does not specify any parametric
family for the functions, it only specifies how output values for
two different input points are likely to be related.

* A Gaussian process is specified by a mean function and a
covariance function

* |dea: for any two input points x, x', a Gaussian process prior
says the output values f(x), f(x') jointly have a Gaussian
distribution,
whose mean is given by the mean function u(x)=E[f(x)] ,
and covariance is given by the covariance function

k(x,x')=E[(f(x)=u(x))(f(x")—ulx"))]

* |f the likelihood function is also Gaussian, then the posterior
distribution over the input-output functions (after seeing the
observations) is also a Gaussian process!



Gaussian processes

* In Gaussian process based inference, the task is to compute
the mean function and covariance function of the posterior
distribution, given the prior and the observations.

* When the posterior distribution has been computed, it can be
used to predict values of the output at new input points, as an
expectation over the posterior.

» Gaussian process prediction gives both the prediction at the
new point (= mean of the function value over the posterior) and
the uncertainty about the prediction (= variance of the function
value over the posterior)

* Gaussian process computation can be done in closed form if
the prior and likelihood are simple.



Gaussian Processes (GPs)
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Gaussian Processes (GPs)
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Gaussian processes with noiseless outputs

g : _ Assumes we directly
* The prediction model is y—f(x) observe the function values!

* Then the posterior given a data set D={(x,y)} is

P(YnewlXee» D)= | P(Y el Xsew - ) P (fID) df

1

~ Zexp(_<ynew_ yxnew,D)Z/Z OineW,D)

* where y, =k, K.y, , K, isthe covariance matrix of
the observed data D (evaluated by computing the covariance
function between all pairs of the observed data),

K, p=[k(Xp>X), ... k(X,,,Xy)]" is the covariance function

computed between the new input point and all observed input
points, and y,=[y, ...,y,] is the set of observed output values

» Similarly, the variance (uncertainty) at the new input point is
2 T -1
o, p=k(x -k, K,k

X o new’ new) Xpoo s D7D "X, D

* The n0|sy predictions are very similar, details on the next slide



Gaussian processes with noisy outputs

* The prediction model with noise is y=f(x)+e where e is
Independent Gaussian noise

* Then the posterior given a data set D={(x,y)} is

P(YnewXaew> D)= J . P( Vel Xoe» ) P(FID ) df

1 )
~—eXp(=(Ypo =, pS120; L)

*where =k, (K,+c.I)'y, , Kpisthe covariance
matrix of the obsérved data D (evaluated by computing the
covariance function between all pairs of the observed data),
k, p=[k(Xpe,,X1),....,k(x,,.xy)]" is the covariance function

Computed between the new input point and all observed input
points, and y,= [y1 ,yN] Is the set of observed output values

* Similarly, the variance (uncertainty) at the new input point is
o, p=k(x )=k, _o(Kp+o,I) 'k,

Xn Xnew > new

new ) new



Bayesian co-training
* We have m different views, n samples, sample i denoted as

xi 2 (xV, . x™)
* All samples of a particular view | denoted as
2 (i)
» Outputs of all samples denoted as y = [y, ... ,yn]T

* We will use a Gaussian process based prediction for each view.
Each view j has an underlyln%; function f. that predicts the output
value for the sample as f(x”) based on input features of that
view only. The function has a Gaussian process prior:

[i~ GP(0,x;)

* The label y should depend on values of all the latent functions.
How to make this explicit in a graphical model?



Bayesian co-training
 ldea: define a consensus function fC that combines information

from the individual functions, make the label depend on that

alone.
* For a single sample, the joint distribution of the output value ans

the underlying functions can be written as

1

ply.fofifu)=2Y(y.f) Hw W(f;.fo)

where Y are some potential functlons (nonnegatlve functions
that can be suitably normalized to yield a probability distribution)

* corresponding graphical model:
2-views  multi-views

5 £ty fo Label depends only on consensus
\ / \\ / function
Je Je Individual functions depend on each

‘ other only through the consensus
Y Y function



Bayesian co-training

* For n samples: let t;={f;(x")}~, be the function values for the
jth view and and f.={s(x)}., be the consensus function
values. Then probability of data and latent functions factorizes

as.
p(y:f(‘afla HW yhf(‘ Xl HIV f]af

* When a GP prior is used for each function, the within-view
potential (whic de]‘mes dependencies W|th|n each view) can be
defiggd ps: exp | — EfTK 1fp> K (Xk,Xr) = K](X]((J),Xé ))

K;
where IS the covariance matrix of the Lth view

p(b’uf( )fl( s f(xl)}1:1)
= LT (LT LT )W () )

j=1 i=1



Bayesian co-training

* The consensus potential defines relationship between each
view and the consensus function, and can be defined as

||fj_fc||2
f' fc — —
llf( J? ) 6Xp< 20%

(it can be shown that this also corresponds to a Gaussian prior
for the consensus function where the prior mean is the average
of the individual functions.)

* The output potential describes relationship between the
consensus function and the output, and can be defined as

1 2 '
exp(—»=||lvi — f(x;)[|*) for regression,
Vi, f(xi)) = % _—
Ayif(xi)) for classification.



Bayesian co-training

* The previous likelihood assumed all samples have labels.
When some samples are unlanjled (  labeled sgles,
unlabeled samples), the likelihood becomes
1 ~
p (v te.f, . tm) = 5 Hw(h ﬁ:(ﬁr))Hw JW(f;.fe)

(where output potentials computed only for labeled samples, but
within-view functions&potentials and consensus
function&potential computed for all samples)

* Inference: the standard task is to predict labels, that is, compute
p(y) for a new input given training data

* Try to integrate out some of the functions



Bayesian co-training
* |dea 1: try to integrate out the consensus function. It can be

p(fl f ) lexp ——1 ?EH f K 1f — E‘ H fk” z
PR B /[ J f E

Z j<k

* This means the functions together have a GP prior
(f1,....,fn) ~ N(Q,A—l) where the inverse covariance has a
block structure: given two tasks |, |'
1 1 , 11 ‘s
L, A(]a] ) - 2 L jJ#J
J

5252 I 2
Era iZj 97Ok D0 !G;U

A(j,J) =K'+
and for regression the joint probability with output labels is

1 1 4 : £
P{}’ifl-n*efm)_ﬂﬁp{ 4-,22: ( fox B Z‘fTK lf __Z” Ggi“ }
J k

9 2
VA ~pP0 j _j'{:l

* Inference could proceed from there but would need to infer a lot
of functions.



Bayesian co-training

* |dea 2: try to integrate out the individual functions, so that the
consensus function remains. It can be shown its marginal is

p(fe) = N(0,K,)

. 4 -1

where K. = Z(Kj + Gﬁl)_l Is called the co-training kernel
| J i
* the multi-view learning task essentially becomes a single-view
learning task where only one function is learned

* Because of the matrix inverse, each element in the resulting co-
training kernel depends on all elements of the original kernel
values of each view (between all labeled and unlabeled samples)

* Thus Bayesian co-training is equivalent to single-view learning
with a specially designed (non-stationary) kernel.

* The co-training kernel depends only on inputs, not labels, and
can be computed over both labeled+unlabeled samples



Reminder: Gaussian processes
* If the prediction model is noise-free, y=f(x)+e ,
* Then the posterior given a data set D={(x,y)} is

p(ylx,D)=] p(ylx.f)p(fID)df

1

NEEXP (_<y _yx,D)Z/Z Oi,D)

- where ¥, ,=k, K, y,, K, is the covariance matrix of the
observed data D (evaluated by computing the covariance
function between all pairs of the observed data),

k, p=[k(x,x,),....,k(x,xy)]" is the covariance function computed
between the new input point and all observed input points, and
Y=y, .- yx] is the set of observed output values

» Similarly, the variance (uncertainty) at the new input point is
2 _ T —1
O x,D_k(X’X)_kx,DKD K, p



Bayesian co-training

* The standard GP inference on the previous slide can be used to
predict function values given the observations. The equations are
the same, but the kernel is now the co-training kernel.

* Note! The co-training kernel involves matrix inverses. It cannot
be computed element-by-element separately: it can only be
computed as part of a full-sized square matrix.

* This means that the kernel elements for the training samples
depend on what new data will be available!

* This co-training can only be used in a transductive setting,
where input values are known both for old and test samples
during training, and the task is to predict the unknown test labels

* Thus we first compute a big kernel K. over all data (test,
labeled training, unlabeled training).

* ThenK , is obtained by leaving out rows&columns ot K.
corresponding to test+unlabeled training samples. Similarly k,
IS obtained by leaving out all terms except new-to-old crossterms



Bayesian co-training

* Thus we first compute a big kerne K. over all data (test,
labeled training, unlabeled training).

* Then is obtained by leaving out rows&columns of K.
corresponding to test+unlabeled training samples. Similarly k,
IS obtained by leaving out all terms except new-to-old crossterms

* Then we apply the standard GP inference equations

* Hyperparameters: each view has a hyperparameters o; which
tells how much the view can deviate from the consensus

* The hyperparameters can be optimized to maximize the
marginal likelinood of data given the hyperparameters: given a

vector y; of output values, their marginal likelihood is

s ITG—l 11 detG — o2
— T = - - — — 10 It
2Yz Yi 20ge 5 g

where G=K.(1:m,1:n)+0*l and the likelihood can be
optimized by gradient methods with respect to hyperparameters



Bayesian co-training - when does it work?

* Example result 1 on artificial data (horizontal + vertical direction
are the two views):
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(a) Toydata 1 (T1) (b) Co-training on T1 (c) Bayesian co-training on T1

On this data co-training assumptions are satisfied and both
classical and Bayesian co-training succeed



Bayesian co-training - when does it work?

* Example result on artificial data 2 (horizontal + vertical direction
are the two views):
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(d) Toy data 2 (T2) (e) Co-training on T2 (f) Bayesian co-training on T2

On this data the vertical direction is not sufficient for good classification
(contradicts classical co-training assumption; labels added to
unlabeled points based on vertical direction will be noise), but
Bayesian co-training still works since it can penalize the weight of the
vertical direction.



Bayesian co-training - when does it work?

* Example result on artificial data 3 (horizontal + vertical direction
are the two views):
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(g) Toy data 3 (T3) (1) (Bayesian) co-training on T3

On this data neither view is sufficient by itself, and even Bayesian
co-training fails. The consensus-based co-training kernel works
poorly for this kind of data.



Bayesian co-training

* Example result: citeseer data (scientific papers in 6 classes;
predict if paper belongs to largest class or not). Three views of
the papers: (1) text of the paper itself, (2) text of citations
(inbound links) to the paper, (3) text of citations from the paper to
others (outbound links).

# TRAIN +2/-10

# TRAIN +4/-20

MoDEL

AUC

Fl

AUC

Fl

INBOUND LINK
OQUTBOUND LINK
TEXT+LINK

0.5451+0.0025
0.5550+0.0119
0.5730+0.0177

0.3510+0.0011
0.3552+0.0053
0.1386 +0.0561

0.5479+0.0035
0.5662+0.0124
0.5782+0.0218

0.35214+0.0017
0.3600 +0.0059
0.14744+0.0721

Co-TrRAINED GPLR
BAYESIAN CO-TRAINING

0.6459+0.1034
0.6536 +0.0419

0.4001+0.2186
0.4210+0.0401

0.6519+0.1091
0.6880 +0.0300

0.4042+0.2321
0.4530+£0.0293

* Performance measured by information retrieval criteria (AUC
and F1 are different combinations of “precision” and “recall’,
higher values are better)



Part 2: Multi-view learning with
disagreeing views



Multi-view learning with view disagreement

* Multi-view approaches such as canonical correlation analysis
assume the views agree (they describe the same data, and have
some subspace that is well correlated)

* Real domains may have view disagreement: samples in each
view do not belong to the same class e.g. due to corruption or
other noise

* If disagreeing samples can be detected and left out, multi-view
learning can be applied with the remaining samples



Multi-view learning with view disagreement

* Multi-view approaches such as canonical correlation analysis
assume the views agree (they describe the same data, and have
some subspace that is well correlated)

* Real domains may have view disagreement: samples in each
view do not belong to the same class e.g. due to corruption or
other noise

* If disagreeing samples can be detected and left out, multi-view
learning can be applied with the remaining samples



Multi-view learning with view disagreement, example
* Two-view problem with normally distributed classes.
» 2 foreground classes (red+blue), 1 background class (black) of

corrupted samples.
* Each point in view 1 corresponds to a point in view 2.

Redundant Background .
g *.. Background
/ - - ..'. P :.:.;. ‘:.
. View Disagreement =*- :?‘,ﬁ: S
- .ﬁ - - .. - - "Q
N S Loe rall, e ﬁn.ﬂ -
RPN LA R ERCIE PP LR
'.'. ..:i '. * . . .-‘ -:-: * * . et N "’
- . * : - .' : . ¥ *s
o.l::. .
" W .";'.
i G
Class2 =~ - X
Class 1

If views (data point classes) agree, the two views are redundant.
Disagreement may occur because of incorrect pairing of views.
Multi-view learning with these pairings leads to corrupted
foreground class models.



Multi-view learning with view disagreement, example
* Multi-view learning methods assume views will agree, e.g. their
cost functions may penalize disagreement between view-specific
predictors with forms like

min Y > |\ fizh) = fi(])]3

XkeU i1#]

* If paired samples from each view in reality belong to different
classes, views disagree about the sample.

* |dea: assume there is a background class that can co-occur
with (be paired to) any foreground class; each foreground class
Is only paired to itself or the background class

* Example: audio vs video. People may say “yes” without
nodding, or nod without saying “yes”.

* |dea: model the background class, detect view disagreement



Multi-view learning with view disagreement, example
* Use a conditional entropy criterion to detect disagreeing

samples.

* |dea: given a fixed location in one view, how much uncertainty

IS there about the location in the other view?

* |If there is much uncertainty, the views are likely to disagree
about this sample (the fixed location is likely to be a “background

sample”)

* Conditional entropy of location in view i given location in view j:

H(CCZ |fL'J) . Joint View Space

w

e | @ Redundant

Class 1 Class2 Background

SHEEN | @ View Disagreement |85

Class 1 Class 2

p(x'p?) X

Background

illustration of the
conditional
entropy idea



Multi-view learning with view disagreement, example
* Detect foreground samples: check if the conditional entropyof
view i given view j for that sample is below the average value
between those views:

i gy 1, H(z'|2]) < Hy
miat, ) = { 0, otherwise
where H(z'|z]) =— Y  p(a'|z])logp(a’|zy) (U, Uiare
zieUi the sets of
_ 1 P .
Hij =+ N H(al|a)) possible values)
xpclU

* A sample is a redundant foreground sample (good!) if all views
confidently predict each other's locations:

* A sample is a redundant background sample (ok) if all views are
uncertain about each other's locations



Multi-view learning with view disagreement, example
* A sample k is a redundant foreground sample (good!) if all
views confidently predict each other's locations:

v
HHm(wt?xi) =1
i=1 j#i
* A sample k is a redundant background sample (ok) if all views
are uncertain about each other's locations

ZZm(wz,zﬁi) =0

i=1 j#i
* Otherwise the views disagree about the sample. Two particular
views disagree if the xor operator is 1 (one view is confident, the
otheris not):  m(z', 2)) @ m(z?,2}) =1
f(fﬂi,fﬂi)
> zicui f (@ L}L)

* |In practice estimate probabilities by p(a'|a,) =
where f are multivariate kernel density
estimators



Multi-view learning with view disagreement, example
* Revised co-training algorithm with view disagreement:

Algorithm 1 Multi-View Bootstrapping in the Pres-
ence of View Disagreement

1: Given classifiers f; and labeled seed sets S;, i =
1,...,V, unlabeled dataset U and parameters N and

T
2: Sett = 1.
3: repeat
4: for:=1,...,.V do
5% Train fi on S;
6: Evaluate f; on U’
T Sort U in decreasing order by f; confidence
8: for each x, € U, k=1,...., N do
9: for j #ido o
10: if —=(m(z', x]) @& m(z’,x;,)) then
11: Ul = U\{z}
12: S7=5"U{z}}
13: end if
14: end for _
15: U'=U"\{z,}
16: St =S5"U{x.}
17: end for
18:  end for

19:  Sett=1t+1.
20: until [U| =0 ort="T

Following the approach from Christoudias, M., Urtasun, R., and Darrell, T. 2008. Multi-View Learning in the Presence of View
Disagreement. 9 pp., In Proceedings of the Conference on Uncertainty in Artificial Intelligence (UAI 2008). Images from that paper.



Multi-view learning with view disagreement, example
* Toy example with varying amount of view disagreement:

Correct Classification Rate

0.9¢
08¢
0.7}
0.6}
05¢
0.4
03¢
0.2}
0.1}

View 1

-=- Conventional Co—training

= QOur Approach
—e— Supervised Baseline

0 0.1020304 050607 08 0.9
Percent View Disagreement

Correct Classification Rate

09}
08}
0.7}
06}
05}
0.4}
03}
0.2}
0.1}

View 2

-«- Conventional Co-training

= QOur Approach
—=— Supervised Baseline

0 010203 04 05 0.6 07 08 09
Percent View Disagreement

Following the approach from Christoudias, M., Urtasun, R., and Darrell, T. 2008. Multi-View Learning in the Presence of View
Disagreement. 9 pp., In Proceedings of the Conference on Uncertainty in Artificial Intelligence (UAI 2008). Images from that paper.
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Part 3: Semi-supervised multi-
task learning



Semisupervised multi-task learning, introduction
* The overall idea is:

1. define a semisupervised single-task classifier

the classifier will be defined based on a graph of data
sample similarities, and unlabeled samples will affect the
learning through the graph

2. define several such classifiers, and make the learning of
their parameters depend on each other through a joint prior

the prior could be e.g. a Dirichlet process type prior,
allowing there to be as many clusters of similar tasks as
needed



Semisupervised multi-task learning, introduction

1. define a semisupervised single-task classifier
the classifier will be defined based on a graph of data
sample similarities, and unlabeled samples will affect the
learning through the graph

 Example: consider a kernel-based classifier, such as a
Gaussian process where the covariance function is a kernel.

 Consider a kernel based on distances: k(x,x')=exp(-a*d?(x,x'))

* Now define a graph that connects K-nearest neighbors of all
points in the data set (labeled and unlabeled), and define
distances as distances along the graph.

* For faraway points this distance takes into account the “shape”
of the data, which is learned mostly from the unlabeled points.

* Learning the classifier can be done as normal, using this new
kernel



Semisupervised multi-task learning, introduction
* The overall idea is:

1. define a semisupervised single-task classifier - DONE

2. define several such classifiers, and make the learning of
their parameters depend on each other through a joint prior

In the case of a Gaussian process classifier, the prior can
be e.g. over the parameters of the kernel, such as an
overall scale “a”; or the prior could be over parameters of
the graph such as how many neighbors are connected,

and so on.

See lecture “Multitask learning with task clustering or
gating “ for a wide variety of priors that can be applied over
the parameters.



Part 4: “Self-taught learning”



Self-taught learning

* The previous multitask unsupervised learning approach still
essentially assumed that the unlabeled data within each task
came from the same distribution as the labeled data

* Can we do multi-task learning (or transfer learning) without this
assumption?

* For example, suppose plan to do classification of image, e.q.
classifying animal images - is the animal in the image an
elephant or a rhino.

* It would be difficult to gather unlabeled images of
elephants&rhinos - if you know it is an elephant or rhino, that
already means you are likely to know the label!

* Can we improve the classification using some random
unlabeled images downloaded from the internet?



Self-taught learning

* Such data comes mostly from outside the problem domain - the
probably most random images from the internet won't be about
elephants or rhinos

* But they may still contain some of the same feature properties
that are useful for elephants and rhinos too!

* That is: the problem we are solving (and its data) may come
from a larger problem domain where some of the same
features are likely to be useful across many problems (and their
data)

* For example images of rhinos & elephants are part of the larger
class of “ images of animals”, which are part of the larger class of
“natural images”, which are part of the larger class of “images”.

* Thus, features useful for solving classification problems may be
shared between “images or rhinos & elephants” and other
“natural images”



Self-taught learning

* Idea: given a task T of interest unlabeled data from a larger
problem domain can be used to learn which data features are
noise, and which features contain trends and statistical structure
(such features can be useful in classification problems!)

* For example, in images, any natural images will contain some
of the same basic features like corners, edges similar to those in
elephants and rhinos.

* This is different from normal semisupervised learning: This kind
of unlabeled data does not share the same class labels or the
generative distribution of the labeled data as in task T

* Thus the unlabeled data generally cannot be reasonably
assigned to the class labels of task T (it is not reasonable to try to
classify whether a picture of a tree is more like an elephant or a
rhino)



Self-taught learning

e Supervised classification
uses labeled examples of
each class of interest

* Semi-supervised learning
uses also unlabeled NS e
examples of those classes & E%Es =

* Transfer learning uses
labeled datasets of
different classes

e Self-taught learning just
needs additional

unlabeled images el B S 2t
Self-taught Learning




Self-taught learning
* How to learn from lots of unlabeled images®?

* For example, apply some fully unsupervised statistical model to
learn which features are meaningful over the collection of all
Images

* Like principal component analysis

* Or some sparse feature extraction method like this:

minimizeb,a Z,i ||$Ef) — Zj @gi)bj”% T ﬁ ”a(i)Hl

S.t. ||b_;,||2 <1, Vjel,..s

(tries to reconstruct data coordinates as linear
combinations, with weights ag.“) , of a small number of
basis vectors 'b; )

* The learn the individual tasks using those features, and the
data (labeled and unlabeled images) from that task ---> reduces
to the earlier methods



References for parts 3 and 4
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